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Introduction
In this paper, we consider finite undirected graphs without loops and multiple edges. For a graph G = (V, E), the degree of x in G is denoted by d G (x), and the set of vertices adjacent to x in G is denoted by N G (x). For S ⊆ V (G), the subgraph of G induced by S is denoted by G[S] and G − S = G[V (G) − S]. For vertex subsets S and T , E G (S, T ) is the set of edges between S and T in G. We use ω(G) for the number of connected components in G. Notations and terminologies not defined here may be found in [4] .
For a given graph G, we associate an integer set H(x) with each vertex x ∈ V (G) (i.e., H is a set mapping from V (G) to 2 N ). Given a spanning subgraph F of G, F is a general factor or an H-factor of G if d F (x) ∈ H(x) for every vertex x ∈ V (G). By specifying H(x) ( * ) if i ∈ H(x), then i + 1 ∈ H(x), for mH(x) ≤ i ≤ M H(x), where mH(x) = min{r | r ∈ H(x)} and M H(x) = max{r | r ∈ H(x)}. Let M H(S) = u∈S M H(u), mH(S) = v∈S mH(v) and H ± c = {i ± c | i ∈ H}. Lovász [2] obtained a sufficient and necessary condition for the existence of H-factors with the properties ( * ) and a deficiency formula for H-optimal subgraphs. In this paper, we use the traditional technique -alternating path -which has dealt effectively with other factor problems to prove Lovász's deficiency formula. However, we need to modify the usual alternating paths to changeable trails to handle the more complicated structures in this case.
Let H be a set function satisfying the property (*) and F any spanning subgraph of G.
then vertex x is called feasible. So a subgraph F is an H-factor if and only if every vertex is feasible. Given a spanning subgraph F and a subset S ⊆ V (G), the deficiency of subgraph
) is the deficiency of vertex x in F . We can measure F 's "deviation" from condition (1) by defining the deficiency of F with respect to H as
The total deficiency of G with respect to H is
Clearly, def H (G) = 0 if and only if there exists an H-factor. A subgraph F is called
Of course, any H-factor is H-optimal.
Let I H (x) = {d F (x) | F is any H-optimal subgraph}. Lovász [2] studied the structure of H-factors in graphs by introducing a Gallai-Edmonds type of partition for V (G) as follows:
Based on this canonical partition, Lovász obtained a sufficient and necessary conditions of H-factors with property (*) and as well as the deficiency formula for H-optimal subgraphs. In this paper, we give an alternative description of the partition (A, B, C, D) by deploying changeable trails and therefore provide a new proof of the deficiency formula for H-optimal subgraphs. Our approach is as follows:
Suppose that G does not have H-factors. Choose a spanning subgraph F of G such that for all v ∈ V (G), d F (v) ≤ M H(v) and the deficiency is minimized over all such choices. Moreover, we choose F such that the E(F ) is minimal. Necessarily, there is a vertex v ∈ V such that d F (v) ∈ H(v), so the deficiency of F is positive. Set
Since E(F ) is minimal and H satisfies (*), we have
A changeable trail P is odd if the last edge doesn't belong to F ; otherwise, P is even. Moreover, the trails of length zero are considered as even changeable trails.
For a given graph G, we define D(G) to be a vertex set consisting of three types of vertices as follows:
(i) {v | ∃ both of an even changeable trail and an odd changeable trail from B 0 to v};
and ∃ an even changeable trail from B 0 to v};
and ∃ an odd changeable trail from B 0 to v}.
The sets A(G) and B(G) are defined as follows:
we can swap edges in F along an even changeable trail ending at v and thus decrease the deficiency.
we can likewise decrease the deficiency by swapping edges in F along an odd changeable trail ending at v. By the definitions, clearly A, B, C and D are a partition of V (G). We call a changeable trail P an augmenting changeable trail if def (F △P ; G) < def (F ; G). Following the above discussion, when H(v) is an integer interval with more than an element, then v / ∈ D.
Main Theorem
In the following lemmas, we always assume that G has no H-factors and F is an H-optimal subgraph with minimal E(F ). Let τ = ω(G[D]) and D 1 , . . . , D τ be the components of the subgraph of G induced by D. Lemma 2.1 An H-optimal subgraph F does not contain an augmenting changeable trail.
Proof. Suppose, to the contrary, that def (F ;
. Hence v 0 is of type (i) and there exists an odd changeable trail P from a vertex
We define D 1 i to be a vertex set consisting of three types of vertices as follows:
(1) {w ∈ D i | ∃ an even changeable trail and an odd changeable trail from v 0 to w};
and ∃ an even changeable trail from v 0 to w};
and ∃ an odd changeable trail from v 0 to w}.
Now we choose a maximal subset
Claim.
Otherwise, since D i is connected, there exists an edge xy ∈ E(G) such that
We consider xy ∈ E(F ) (or xy ∈ E(F )). Then there exists an even (resp. odd) changeable trail P 1 from v 0 to x, where xy ∈ P 1 and
. So x is type (i) or type (ii) (resp. type (i) or type (iii)). Since x / ∈ D 2 i , x can only be of type (i). So there exists an odd (resp. even) changeable trail P 2 from a vertex t of B 0 to x. Thus t = v 0 ; otherwise, we have
, a contradiction since F is H-optimal. Let z ∈ P 2 be the first vertex which also belongs to D 2 i and denote the subtrail of P 2 from t to z by P 3 . If z is of type (1), by the definition, there exist both an odd changeable trail P 4 from v to z and an even changeable trail P 5 from v to z such that V (P 4 ∪ P 5 ) ⊆ V (D 2 i ). Thus either P 4 ∪ P 3 or P 5 ∪ P 3 is an augmenting trail, a contradiction to Lemma 2.1. If z is type (2) or type (3), the argument is similar. We complete the claim.
Let u ∈ V (D i ) − v 0 and def (F ; u) = 1. Since u is not type (2), there exists an odd changeable trail P 6 from v 0 to u. We have def (F ; G) > def (F △ P 6 ; G), a contradiction since F is H-optimal. 2
Using the above lemma, we have the following result.
Lemma 2.3 For
Proof. Let def (F ; r) = 1, where r ∈ V (D i ). Suppose the lemma does not hold.
To show (a), let uv ∈ E(F ), where u ∈ V (D i ) and v ∈ V (B). If u is of type (i) or type (ii), from the proof of Lemma 2.2, then there exists an even changeable trail P ⊆ G[D i ] from r to u. Hence P ∪ uv be an odd changeable trail from r to v, a contradiction to v ∈ B. If u is of type (iii), then there exists an odd changeable trail P ⊆ G[D i ] from r to u. Since F is H-optimal and H has the property (*), so
. Hence P ∪ uv is an odd changeable trail from r to v, a contradiction to v ∈ B again.
Next we consider (b). Let uv ∈ F , where u ∈ D i and v ∈ A. If u is of type (i) or type (iii), from the proof of Lemma 2.2, then there exists an odd changeable trail P ⊆ G[D i ] from r to u. Then P ∪ uv be an even changeable trail from r to v, a contradiction to v ∈ A. If u is of type (ii), then there exists an even changeable trail P ⊆ G[D i ] from r to u. Since F is H-optimal and H has the property (*), so
From the definition of partition (A, B, C, D), it is not hard to see the next lemma.
Lemma 2.5 (a) F misses at most one edge of
Proof. By Lemma 2.3, we may assume def (F ;
, by the definition of D, there exists a changeable trail P from a vertex x of B 0 to u. Denote the first vertex in P belonging to D i by y, and the sub-trail of P from x to y by P 1 . Let y 1 y ∈ E(P 1 ), where
Without loss of generality, assume that P 1 is an odd changeable trail (when P 1 is an even changeable trail, the proof is similar). Since P 1 is a changeable trail, so y 1 ∈ B and y 1 y / ∈ F . Because y ∈ D, y is of type (i) or type (iii). We define the subset D 1 i ⊆ D i which consists of the following vertices:
(1) {w ∈ D i | ∃ an even changeable trail and an odd changeable trail along P 1 from x to w};
and ∃ an even changeable trail along P 1 from x to w};
and ∃ an odd changeable trail along P 1 from x to w}. Now we choose a maximal subset D 2 i of D 1 i such that the trails, which are of type (1), (2) or (3), except V (P 1 ) − y, belongs to D 2 i . 6
If y is type (iii), then y ∈ D 2 i . If y is type (i) or type (ii), then there exists an even changeable trail R 1 from a vertex w of B 0 to y. We have yy 1 ∈ E(R 1 ); otherwise R 1 ∪ yy 1 is an odd changeable trail from w to y 1 , contradicting to y 1 ∈ B. Hence, we may assume w = x and P 1 is a subtrail of
i , contradicting to the maximality of D 2 i . If v 2 is type (i) or type (iii), then there exists an odd changeable trail R 3 from a vertex w 2 of B 0 to v 2 . Next we show that
Without loss of generality, we suppose that the subtrail R 4 from w 2 to z along R 3 is an odd changeable trail and z ∈ D 2 i . If z ∈ D 2 i is type (1) or (2), then there is an even changeable trail, say R 5 , from x to z along P 1 such that
i . Let R 6 is a subtrail from y 1 to z along R 5 . Then R 4 ∪ R 6 is an odd changeable trail from w 2 to y 1 , contradicting to
, and
Moreover, there is an odd changeable trail R 7 along P 1 from x to z. Let R 8 is a subtrail from y 1 to z along R 7 . Then R 4 ∪ R 8 is an odd changeable trail from w 2 to y 1 , contradicting to y 1 ∈ B again. So yy 1 ∈ R 3 . Let R 9 be the subtrail from y to v 2 along R 3 . Then we have V (R 9 ) ⊆ D 2 i , contradicting to the maximality of D 2 i . By the symmetry of definition of D i and D 2 i , for v 1 v 2 / ∈ E(F ), the proof is similar. We complete the proof of the claim.
Let x 3 y 3 ∈ E(G) − yy 1 . We have the following two claims.
Claim 2. If x 3 ∈ D i and y 3 ∈ B, then x 3 y 3 ∈ E(F ).
Otherwise, x 3 y 3 / ∈ E(F ). If x 3 is of type (1) or (2), by the definition of set D 2 i and
i , then there exists an even changeable trail P 10 from x to x 3 such that V (P 10 ) − (V (P 1 ) − y) ⊆ D i . Then P 10 ∪ x 3 y 3 is an odd changeable trail from x to y 3 , contradicting to y 3 ∈ B. If x 3 is of type (3), then there exists an odd changeable trail P 11 from x to x 3 such that V (P 11 ) − (V (
. Then P 11 ∪ x 3 y 3 is an odd changeable trail from x to y 3 , contradicting to y 3 ∈ B. We complete Claim 2.
Claim 3. If x 3 ∈ D i and y 3 ∈ A, then x 3 y 3 / ∈ E(F ).
Otherwise, x 3 y 3 ∈ E(F ). If x 3 is of type (1) or (3), then there exists an odd changeable trail P 12 from x to x 3 such that V (P 12 ) − (V (P 1 ) − y) ⊆ D i . Then P 12 ∪ x 3 y 3 is an even changeable trail from x to y 3 , contradicting to y 3 ∈ A. If x 3 is of type (2), then there exists an even changeable trail P 13 from x to x 3 such that V (
Since F is H-optimal and H has the property (*), so d F (
and d F (x 3 ) − 2 ∈ H(x 3 ). Then P 13 ∪ x 3 y 3 is an even changeable trail from x to y 3 , contradicting to y 3 ∈ A again.
We complete the proof. 2
Now we present and prove deficiency formula for H-optimal subgraphs. Recall that τ is the number of components in G [D] . Then we have def H ((F − F i ) ∪ F * i ) < def H (F ), but F is H-optimal, a contradiction.
Case 2. F contains (or misses) an edge of E(D i , A) (resp. E (D i , B) ).
